Abstract. We study cup products in integral cohomology of the Hilbert scheme of n points on a K3 surface and present a computer program for this purpose. In particular, we deal with the question, which classes can be represented by products of lower degrees.
H 6 (S [3] , Z)
H 2 (S [3] , Z) ⌣ H 4 (S [3] , Z)
Although the case n = 3 is most interesting for us, our computer program allows computations for arbitrary n. We give some numerical results results in Section 2.
Preliminaries
Definition 1.1. Let n be a natural number. A partition of n is a sequence λ = (λ 1 ≥ . . . ≥ λ k > 0) of natural numbers such that i λ i = n. It is convenient to write λ = (1 m1 , 2 m2 , . . .) as a sequence of multiplicities. We define the weight λ := m i i = n and the length |λ| := i m i = k. We also define z λ := i i mi m i !.
Definition 1.2. Let Λ be the ring of symmetric functions. Let m λ and p λ denote the monomial and the power sum symmetric functions. They are both indexed by partitions and form a basis of Λ. They are linearly related by p λ = µ ψ λµ m µ , the sum being over partitions with the same weight as λ. It turns out that the base change matrix (ψ λµ ) has integral entries, but its inverse (ψ (4) . A method to determine the (ψ λµ ) is given by Lascoux in [3, Sect. 3.7] . ′ are isometric iff they have the same rank, signature and parity. Evenness implies that the signature is divisible by 8. In particular, if L is odd, then L possesses an orthogonal basis and is hence isometric to
Definition 1.5. Let S be a projective K3 surface. We fix integral bases 1 of H 0 (S, Z), x of H 4 (S, Z) and α 1 , . . . , α 22 of H 2 (S, Z). The cup product induces a symmetric bilinear form B H 2 on H 2 (S, Z) and thus the structure of a unimodular lattice. We may extend B H 2 to a symmetric non-degenerate bilinear form B on
By the Hirzebruch index theorem, we know that H 2 (S, Z) has signature −16 and, by the classification theorem for indefinite unimodular lattices, is isomorphic to
induces an adjoint comultiplication ∆ that is coassociative, given by:
with the property B (∆(a), b ⊗ c) = −B (a, b ⌣ c). Note that this does not define a bialgebra structure. The image of 1 under the composite map µ(∆(1)) = B(∆(1), ∆(1)) = 24x, denoted by e is called the Euler Class.
We denote by S [n] the Hilbert scheme of n points on S, i.e. the classifying space of all zero-dimensional closed subschemes of length n. S
[0] consists of a single point and S [1] = S. Fogarty proved that the Hilbert scheme is a smooth variety. A theorem by Nakajima gives an explicit description of the vector space structure of
The operators q l (β) are linear and commute with each other. The vacuum vector |0 is defined as the generator of
The images of |0 under the polynomial algebra generated by the creation operators span H as a vector space. Following [9] , we abbreviate q l1 (β) . . . q l k (β) =: q λ (β), where the partition λ is composed by the l i .
An integral basis for H * (S [n] , Z) in terms of Nakajima's operators was given by Qin-Wang:
, Z), we introduce the following abbreviation:
where the partition λ 0 is built from λ 0 by appending sufficiently many Ones, such that λ 0 + i≥1 λ i = n. If n≥0 λ i > n, we put α λ = 0. Thus we can interpret α λ as an element of H * (S [n] , Z) for arbitrary n. We say that the symbol α λ is reduced, if λ 0 contains no Ones. We define also λ := n≥0 λ i .
Lemma 1.9. Let α λ represent a class of cohomological degree 2k. If α λ is reduced, then
Proof. This is a simple combinatorial observation. The lower bound is witnessed by x ( k 2 ) (if k is even) and the upper bound is witnessed by 1
The ring structure of H * (S [n] , Q) has been studied by Lehn and Sorger in [4] , where an explicit algebraic model is constructed, which we recall briefly: Definition 1.10. [4, Sect. 2] Let π be a permutation of n letters, written as a sum of disjoint cycles. To each cycle we may associate an element of A := H * (S, Q). This defines an element in A ⊗m , m being the number of cycles. For example, a term like (1 2 3) α1 (4 5) α2 may describe a permutation consisting of two cycles with associated classes α 1 , α 2 ∈ A. Thus we construct a vector space A{S n } := π∈Sn A ⊗( π \[n]) . To define a ring structure, take two permutations π, τ with associated elements of A. The result of the multiplication will be the permutation πτ , together with a mapping of cycles. To construct the mappings to A, look first at the orbit space of the group of permutations π, τ , generated by π and τ . For each cycle of π, τ contained in one orbit B of π, τ , multiply with the associated element of A.
Also multiply with a certain power of the Euler class e g . Afterwards, apply the comultiplication ∆ repeatedly on the product to get a mapping from the cycles of πτ contained in B to A. Here the "graph defect" g is defined as follows: Let u, v, w be the number of cycles contained in B of π, τ, πτ , respectively. Then g := 1 2 (|B| + 2 − u − v − w). Now follow this procedure for each orbit B. The symmetric group S n acts on A{S n } by conjugation. This action preserves the ring structure. Therefore the space of invariants A
[n] := (A{S n }) Sn becomes a subring. The main theorem of [4] can now be stated:
The following map is an isomorphism of rings:
with n 1 +. . .+n k = n and a ∈ A{S n } corresponds to an arbitrary permutation with k cycles of lengths n 1 , . . . , n k that are associated to the classes β 1 , . . . , β k ∈ H * (S, Q), respectively.
, Z) is torsion-free by [5] , we can apply these results to H * (S [n] , Z) to determine the multiplicative structure of cohomology with integer coefficients. It turns out, that it is somehow independent of n. More precisely, we have the following stability theorem, by Li, Qin and Wang: 
are polynomials in n of degree at most λ + µ − ν .
Proof. Set Q λ := q λ 0 (1)q λ 23 (x) 1≤j≤22 q λ j (α j ) and n λ := λ . Then we have:
. Thus the coefficient c λµ ν in the product expansion is a constant, which depends on λ , µ , ν , but not on n, multiplied with (n−nν )! (n−m)! for a certain m ≤ n λ + n µ . This is a polynomial of degree m − n ν ≤ n λ + n µ − n ν = λ + µ − ν . Remark 1.14. The above condition, n ≥ λ , µ , seems to be unnecessary. In particular, if ν ≤ n < max { λ , ν }, the polynomial c λµ ν has a root at n. Example 1.15. Here are some explicit examples for illustration. (2) and α ν = x (1) . Then c 
Computational results
We now give some results in low degrees, obtained by computing multiplication matrices with respect to the integral basis. To get their cokernels, one has to reduce them to Smith normal form. Both was done using a computer.
We have: The algebra generated by classes of degree 2 is an interesting object to study. For cohomology with complex coefficients, Verbitsky has proven in [10] that the cup product mapping from Sym
Since there is no torsion, one concludes that this also holds for integral coefficients.
, Z) under the cup product mapping. Then:
The 3-torsion part in (2) is generated by the integral class 1 (3) .
Remark 2.3. The torsion in the case n = 2 was also computed by Boissière, NieperWißkirchen and Sarti, [1, Prop. 3] using similar techniques. For all the author knows, the result for n = 3 is new. The freeness result for n ≥ 4 was already proven by Markman, [6, Thm. 1.10], using a completely different method.
Proposition 2.4. For triple products of H 2 (S [n] , Z), we have:
The quotient is generated by the integral class 1 (2) .
For n ≥ 5, the quotient is free.
Proof. For the freeness result, it is enough to check the case n = 5, since we have the canonical split inclusions q 1 (1) :
, Z) for all n, k.
